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Submitted by L. A. Zadeh 
A method of rank-ordering objects using a fuzzy algorithm is described. 
Each object can be rank-ordered and discriminated by fuzzy functions which 
characterize the relations of each pair of alternatives. The fuzzy algorithm 
proposed here is useful in classifying objects of which classes do not possess 
sharply defined boundaries. In this paper, the author gives the proofs of 
several theorems on fuzzy functions introduced here. 
1. INTRODUCTION 
Fuzzy sets and fuzzy algorithms proposed by Zadeh [3-71 have been 
applied to various fields such as automata theory, control system and pattern 
classification [5, 8, 9, lo]. This paper is concerned with an application of the 
fuzzy sets concept to rank-ordering or choice behavior. 
In probability theory, an event is a precisely specified collection of points 
in an object space. By contrast, situations are frequently encountered where 
an event is a fuzzy rather than the sharply defined collections. Ideas of fuzzy 
sets are to cover the classification of objects encountered in the real physical 
world. For example, “The flower is beautiful,” “The boy resembles his 
grandfather,” are fuzzy because their classes do not possess harply defined 
boundaries. In such cases cited above, the classification of the classes does not 
constitute classes in the usual mathematical sense. 
Individual choice is one portion of psychology, which can be used classi- 
fying subjective objects. In general, a subject is not asked to make a choice 
from the whole but rather from some finite subsets. Actually, in almost all 
experiments, a pairwise choice, that is, a choice from only two alternatives 
is made. The simplest algorithm is based on a rule of transitivity among 
choices: Given that a person chooses A over B and that he chooses B over C, 
then he chooses A over C when A and C are offered. In this simple case, the 
probabilistic approach seems to be reasonable, and probabilistic philosophy 
is by now a commonplace in much of psychology. Restle [2] has introduced 
the rule of pairwise choice as described above. Lute [I] has extended the rule 
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and given an axiom relating the various probabilities of choices from different 
finite sets of alternatives. In the real world, however, we frequently encounter 
situations which include contradiction: “Cherry blossoms are more beautiful 
than tulips, ” “Tulips are more beautiful than roses,” “Roses are more 
beautiful than cherry blossoms.” In such cases, the problem is what flower 
is most beautiful among cherry blossoms, roses and tulips. Clearly there are 
no correct answers to this type of problems. As mentioned before, choice 
behavior is rather fuzzy. In this case, therefore, it seems to be more reasonable 
to introduce a fuzzy set concept. 
In the fuzzy set theory, each object is characterized by a membership 
function which assigns a grade of membership varying between zero and one. 
In this paper, new fuzzy functions (or membership functions); a pairwise 
function (P-function), a comparison function (C-function), a relativity 
function (R-function) and a relative comparison function (RC-function) 
are introduced which characterize the relations between objects (or patterns) 
in choice behavior. 
Several theorems are given on these functions and fuzzy algorithms of 
rank-ordering subjective or psychological objects are discussed. 
2. FUNDAMENTAL FUZZY FUNCTIONS 
We begin with several definitions involving fuzzy sets. Throughout this 
note, we shall suppose that a universal set X is given which is to be interpreted 
as the universe of possible objects. Let x be an object in X. A fuzzy set Q 
is characterized by a membership function fo(x) which represents the grade 
of membership of x E X in D and takes values in the interval [0, 11. In the 
following discussion, the subscript J2 info(x) is omitted and the membership 
function of x is represented by f(x) for brevity of description. 
In the choice behavior, the grade of membership is given by comparison 
of each pair of patterns. Thus we shall introduce a pairwise membership 
function (or simply a pairwise function) defined in the following definition. 
DEFINITION 1 (pairwise function). Consider the case that there exist 
only two alternatives, x, y E X. In this case, the membership function of x is 
denoted by f,(x) and is called a pairwise function (or P-function). We also 
define thatf=(x) = 1 and thatf,(x) = 0 for x $ X. 
EXAMPLE 1. Consider the problem which is more beautiful, tulips (= X) 
or roses (= y). If the grades of membership of tulips and roses are estimated 
0.8 and 0.7, respectively, then the P-functions take values f,(x) = 0.8 and 
$$i= 0.7. It is readily known thatf,(x) is not always equal tof,(x) when 
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Next, we shall introduce a relativity function which is represented by 
pairwise functions. Sometimes we call the subjective measurement expressed 
by the fuzzy function the fuzzy measurement. 
DEFINITION 2 (relativity function). For x, y E X, the fuzzy measurement 
of choosing x over y is denoted by f(x/y) called a relativity function (or 
R-function) and is defined as 
(1) 
DEFINITION 3. For x, yi E X (i = 1,2,..., n), the fuzzy measurement of 
choosing x over all yi is represented by an R-function, 
f WY, >-**3 y,J = f(x/{y,}) = f(x/T) (5” = {yJ is a subset of X), 
and is defined as 
f(xlT) = min[f(x/rl),...,f(x/m)l = +nfWi>. (2) 
LEMMA 1. FOY xi E X (i = 1, 2 ,..., n), 
where 
f(%/ T) = m+[ f(%/xi)l (3) 
T = {xi} = (x1 , xe ,..., x,) E X. 
Proof. Sincef(xJxJ = 1, we have from Definition 3 
f(xj/Td = minb$.4fW~dl~ f(xdxj)l = fh/T) 
where 
Tj = {x~}+~ = (x1 ,..., xjel , x~+~ ,..., x,) E X. 
Q.E.D. 
LEMMA 2. Let T be a set of objects xi E X (i = 1, 2,..., n), and Tl and T2 
be subsets of T(T, u Tz = T). The following relation can hold. 
f@AT) = min[f(xi/T~),f(xi/Tz)l. (4) 
Proof. The Lemma 1 gives the result. Q.E.D. 
Now we shall show the relation between the P-function and the R-function 
by which objects can be ranked in order. That is, the following theorem 
concerns the algorithm of obtaining the R-function by using the P-functions. 
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THEOREM 1. For xi E X (i = 1, 2 ,..., n), 
f(x,/T) = min 
[ 1 * (5) 
Proof. Using Lemma 1 and Eq. (l), we have 
fWT> = yin min 1, E 
Q.E.D. 
3. RANK-ORDERING OBJECTS BY FUZZY FUNCTIONS 
In the previous section, the fundamental fuzzy functions representing 
the relations of objects have been discussed. Now, we shall consider the case 
where a template or standard object exists. 
DEFINITION 4 (relative comparison function). For x, y, x E X, the fuzzy 
measurement of choosing x over y for a is denoted by f (x/y: z) called a 
relative comparison function (or RC-function), and is defined as 
f (x/z) 
f (x’y’ z, = max[ f  (x/z), f  (y/z)] . (6) 
DEFINITION 5. For x,yi , z E X (i = 1, 2 ,..., n), an RC-function is 
defined as 
f  (xl{Yi~: z) 2 f  (x/T: z) 
= min[ f  (x/yl: z),..., f  (x/m: z)]. 
(7) 
We shall show some properties of the RC-function defined above in the 
following, 
LEMMA 3. Let T be a set of objects considered xi E X (i = 1, 2,..., n), and 
Tl and T, be subsets qf T.l The RC-function of xj is represented by 
f  (xJT: a) = min[ f  (x,/Tl: z), f  (xi/T,: z)]. (8) 
1 Tl u T2 = T and it is not required that Tl A T2 # qi 
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Proof. Let Ti and T, be Tl = (xl1 ,..., xkl) and T, = (xl2 ,..., xm2) 
(k + m > n), respectively. Substitution of Eq. (7) into Eq. (8) gives 
min[f (4Tl: Z),f (dT2: ~11 
= min[min( f (xj/xll: z),..., f (xj/xkl: x)], 
min[ f (xj/xlp: z),..., f (xj/xm2: z)] 
= min[ f (xi/xl: x),..., f (q/x,: x)]. 
This proves the theorem. Q.E.D. 
Now, let us introduce a concept of a template object (or simply template). 
The template must have typical or standard properties which are common 
to the objects considered. 
DEFINITION 6 (template). An object z E X is defined as a template when 
the P-function of x to each object xi E X takes always one. That is, if I is a 
template, then 
f&) = 1 (9) 
for Vx, . 
Let us introduce a comparison function (or C-function). Consider the 
case where three objects x, y and z E X exist. The C-function denoted by 
f&x: z) or fz(y: z) is the P-function when z is the template. That is, for x, y 
and ZEX, 
fi(4 zfv(x: 4 
f,(Y) = fz(Y: 4. 
Also, we define 
f&c z) = 1. 
EXAMPLE 2. Consider the case that there exist three objects x (son), 
y (daughter) and z (their father) and assume z is a template. Given that the son 
and daughter resemble their father with subjective measurements 0.8 and 
0.7, respectively, then the C-function of each object takes the value as follows: 
f&v: z) = 0.8, f,(y: z) = 0.7. 
It is known from Example 2 that the C-function is a subjective measure- 
ment representing the relation between objects. 
Since the RC-function is a fuzzy measurement of each object which 
indicates the grade of membership, we can rank-order object according to 
it. In the following, we shall show the algorithm of obtaining the RC-function 
by using the C-function. 
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LEMMA 4. When z is a template, the RC-function can be represented by 
f (x/y: a) = min 1, iI:Ji zi 
[ 3 
. 
Proof. From Eqs. (I), (6) and (9), we have 
f WY: 4 = min [ 
f (44 1 p m] 
= min [l, min [l, =#]/min [l, #I] 
Q.E.D. 
Using Definition 5 and Lemma 4, therefore, we obtain the following 
theorem. 
THEOREM 2. For xi, ZGX (i = 1,2,...,n), 
(12) 
where s is a template and T = (x1 ,..., x,J. 
EXAMPLE 3. The problem is to find out who resembles a father (a) most, 
among his elder son (x1), his younger son (x2) and his daughter (xs). Assume 
that z is a template. When two of three, x r , xs and xs , for example, the elder 
son and the younger son are considered, the subjective measurements of 
similitude of x1 , x2 and xs to x are estimated. Given the estimation as follows: 
The elder son and the younger son resemble their father with subjective 
measurement 0.8 and 0.5, respectively, when they alone are considered. 
The younger son and the daughter resemble with 0.4 and 0.7, respectively, 
when they alone are considered. The elder son and the daughter resemble 
with 0.5 and 0.3, respectively, when they alone are considered. That is, in 
this case the values of the C-functions are 
f&1: 4 = 1, fz2(x1: x) = 0.8, fzB(xl: z) = 0.5, 
fs,(xz: z) = 0.5, f&x,: z) = 1, fs,(xz: z) = 0.4, 
fz1(x3: z) = 0.5, f&X& z) = 0.7, f&X& z) = 1. 
Using Theorem 2, we obtain the values of the RC-functions as follows: 
f(x,/T: z) = 1, f  (x2/T: z) = 4/7, f(xJT: z) = l/3. 
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From these results, we can conclude that the elder son resembles his father 
more than the younger son does and that the younger son resembles more 
than the daughter does. 
4. FUZZY MATRICES 
Since data of the C-functions are generally given in a matrix form, it is 
sometimes convenient to represent the RC-function by matrices of the 
C-function. A matrix A is a fuzzy matrix if and only if each element aij is a 
fuzzy function. 
We shall show some properties of a fuzzy matrix and its logical operation 
in the following. 
DEFINITION 7. Let A = {uij} and B = (b,} be n x n fuzzy matrices. 
(i) A is contained in B if and only if aij < bij . In symbol, A C B. 
(ii) The transpose matrix of A, written AT, is the fuzzy matrix C, 
whose elements are cij = aji . 
(iii) The sum of two matrices A, B, written A @B, is the fuzzy 
matrix C such that cii = max[aij , b,]. 
(iv) The Cartesian product of A and B, written A @B, is the fuzzy 
matrix C such that cii = min[uij , b,J. 
(v) The ratio of A to B, written A (3 B, is defined only when A C B 
and is the fuzzy matrix C such that cij = uij/bij . 
(vi) The matrix product of A and B, written A 0 B, is the fuzzy matrix 
C such that cij = maxk min[aik , b,J. 
(vii) The minimum matrix product of A and B, written A 0 B, is the 
fuzzy matrix C such that cij = min, min[u,, , bki]. 
(viii) The maximum matrix product of A and B, written A ii B, is the 
fuzzy matrix C such that cij = maxk max[uik , bki]. 
LEMMA 5. Let A be an n x n fuzzy matrix. Then 
ACA@AT. (13) 
Proof. Since the (ij)th element of a matrix A @ AT is max[qj , uji], it 
follows that 
uij < max[uij , uji]. Q.E.D. 
Now, let us introduce a comparison matrix (or C-matrix) and a relative 
comparison vector (or RC-vector). The C-matrix is the fuzzy matrix whose 
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elements are &j =fz.J:i(xi: z) for {xi}, z E X. The RC-vector is the fuzzy 
vector Y whose elements are #j = f(xJ T: z). 
THEOREM 3. 
Y=@@(@@Oq!?I, (14) 
where I is a unit vector whose elements are all one. 
Proof. Lemma 5 guarantees the existence of the ratio in Eq. (14). From 
Eq. (14), therefore, the element #j of Y can be written as follows: 
& = rnp [ 
f3Jxj: z, 
max[f&%: 4, f&k: 41 I 
= mpmin [ 1, 
f3cJxj: z, 
f&c: 4 1 
= min f&G 4 
k fij@?G 4 ’ 
which concludes the proof. Q.E.D. 
5. LINEAR ORDERABILITY OF OBJECTS 
As mentioned in the introduction, in the real world we encounter the 
contradiction such that “Cherry blossoms are more beautiful than tulips,” 
“Tulips are more beautiful than roses, ” “Roses are more beautiful than 
cherry blossoms.” When such a contradiction does not exist, the objects are 
called linearly orderable. In the following, we shall consider the case in which 
objects are linearly orderable. 
DEFINITION 8 (linear orderability). Consider four objects xj, xk , x1 
and a. 
(i) If 
when 
fqtxi: z, > fccjtxk: x)7 
f&k: 4 >f,,h 49 
then the objects are defined to be linearly orderable. 
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(ii) If 
(15) 
then the objects are defined to be uniformly linearly orderable (or strongly 
linearly orderable). 
(iii) If 
f&i: 4 =f&i: 4 for Vxi , Vx, , 
then the objects are defined to be absolutely linearly orderable. 
It is clear that if objects are absolutely linearly orderable, then they are 
uniformly linearly orderable and that if objects are uniformly linearly 
orderable, then they are linearly orderable. It is known from the definition 
of linear orderability that probabilistic data treated in usual case are absolutely 
orderable. 
As discussed before, rank-ordering objects can be made according to the 
R-function or the RC-function which is obtained by the algorithm given in 
Theorem 1 or 2. Especially when all objects considered are linearly orderable, 
the R- and RC-functions can be obtained in comparatively simple manners. 
We shall show some properties of the fuzzy functions discussed before in 
the case that the objects are linearly orderable. 
LEMMA 6. Suppose that objects xi, z E X (i = 1, 2,..., n) are linearly 
orderable. If 
ml%: 4 > fWX/ 4 
fc%Ix~: 4 > fw?k: 4 
for Vxj , Vx, and Vxsc, , then 
f(xJxc: z) > f(XJXj: z). 
Proof. Iff,Jxj: Z) >fZj(xi: x), then from the definition of the RC-func- 
tion we have 
f(XJX& z) > f(xJxj: z). 
Therefore, from the properties of linear orderability given in Definition 8, 
we have the result. Q.E.D. 
THEOREM 4. Suppose that objects xi , z E X (i = 1,2,..., n) are uniformly 
linearly orderable. There exists a transformation Y: 
fij(xi: z) +,*,(x3: z) ss bi , 
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where f zi(xi: z) is constant for VX~ (# xi). By using the above transformation, 
the following relation holds. 
f (q/T: z) b, 
f  (Xjp? z) - F ’ (16) 
Proof. Denote fz.Jxi: z) = aij for simplicity of notation. Let N be a 
set of integers 1,2,..., n. Setting ajk = bi for j, K EN, we have akj = (akj/aj,) bj . 
Setting ski = (aki/ajk) bj = b, for i, j, h E N, we have aik = (aik/akJ b, . 
Since the objects are uniformly linearly orderable, the following relation is 
obtained from Eq. (15). 
aik aij ajk -=-.-* 
ski aji akj 
Thus, we have aik = aij for j, K EN. This results in that there exists 
f  z,(q: z) = bi = aik = aij for j, K E N. 
Next, from Eq. (12) we have 
f(x,/T: z) min 2 Y..., - [ 
% 
f (xJT: z) = A = min ; 
I 
* 
[ 
ail 
ali ‘*‘*’ anj 1 
Therefore, if the above transformation is made, then we have 
x = b, mink a;: b, 
b, mink aif = bj ’ 
This proves the theorem. Q.E.1 
Theorem 4 states that if objects are uniformly linearly orderable, the pro- 
portion of the RC-functions obtained by using the C-functions is identical 
with that of the C-functions which are subjective measurements. That is, 
the proportion of subjective measurements is not changed by the procedure 
of obtaining the RC-functions. From this result, we can conclude that the 
method of rank-ordering objects according to the RC-functions is quite 
reasonable. 
LEMMA 7. Let T be a set of objects {xi) considered and z be a template. The 
maximum value of the RC-functions is one, that is 
max f  (xi/T: z) = 1 i (17) 
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if and only if for Vxi ( j # m), 
where 
f  (%h: 4 > f  (G%: 4 
f(xJT: z) = mzaxf(xi/T: z). 
Proof. Using Lemma 4, we have from Eq. (18) 
f  (XJX/ z) = 1. 
Therefore, 
f(xm/T: z) = 1. 
While, if Eq. (18) holds, we have 
f(Xm/Xj: z) = 1 
for Vx, (j # m). Thus, we obtain Eq. (18) and hence the assertion. 
Q.E.D. 
LEMMA 8. Let T be a set of objects {xi> considered and z be a template. If  the 
objects are linearly orderable, the maximum value of the K-functions is one, 
that is 
maxf(xJT: a) = 1. 
i 
Proof. From Lemma 7 it is sufficient to show that there exists an object 
x, such that 
f  (4xi: 4 > f  (~hn: 4 for Vxj( j # m). 
Consider objects xi and xi such that 
f  (Xj/X& x) > f  (X,/X/ 2). 
If there exists an object xk satisfying the inequality 
f  (XkIx~: 4 > f  (4%: 4, 
then, from the definition of linear orderability, we have 
f  (X,rJX& z) > f  (q/x,: z). 
If there exists an object xr satisfying the inequality 
f  w%: 4 > f  (xlclx,: 4, 
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then we have 
fw%: 4 > f@ilW 4, 
f(XL/X& z) > f(xj/xl: z). 
Since the number of the objects is finite, we can find an object x,, such that 
f@d%: 4 >f@d%: 4 
for VX~ (i # m), after finite number of iterations of the procedure given above. 
Q.E.D. 
THEOREM 5. Suppose that objects xi E X are linearly orderable. Let 
f(xml/Tl: z) = myurf(x$/T,: z), 
f(xm2/T2: z) = m;xf(xj2/T2: z), 
where T is a set of objects {xi} considered, and Tl ( Tl = (xll,..., xkl)) and 
T, (T, = (x12,..., x1”)) (h + I > n) are subsets of T. If  
f(xml/xm2: 2) = 1 >f(xm2/xml: z), (19) 
then we have 
mzvf(xi/T: z) = f(xm1/xm2: x) = 1. 
Proof. Using Lemmas 7 and 8, we have 
f(Xml/X$ z) = 1 > f (x(1/x,? xc) (i f ml, (20) 
f (xm2/x$ z) = 1 > f ($/x,2: z) (i f m). (21) 
Since the objects are linearly orderable, it follows from Eqs. (19) and (21) that 
f(Xm1/Xi2: z) > f(xj”/x,‘: z) 
for Vxj2. Consequently, we have 
f(xm1/T2: z) = 1. 
By using this result, the RC-function of each object becomes as follows: 
f  (xml/T: x) = min[ f  (xml/Tl: z), f  (x,l/T,: z)] 
= f  (xm1/T2: x) = 1, 
f  (xJT: z) < f(xJT,: zz) <f (x;/x,l: x) < 1 (i f 4, 
f  (xm2/T: z) <f (xm2/Tl: z) <f (xmz/xml: z) < I, 
f  (xi2/T: z) <f (xj2/T2: z) <f (xJxm2: z) < I (i f  4 
FUZZY SETS 
Therefore, the following relations are obtained. 
f(xml/T: z) >f(xJT: z) 
f(xml/T: z) > f(XmyP z), 
f(xml/T: z) > f(xi”/T: z) 
This proves the theorem. 
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(j f ml. 
Q.E.D. 
COROLLARY 5.1. Remove the maximum object xrnl obtained by the method 
given in Theorem 5. The maximum object of the rest xrne is found in the similar 
manner. The obj.ect x,~ is the second largest object among the whole. Repeated 
application of the above procedure gives the nth largest object. Thus, all objects 
can be ranked in order according to subjective measurements. 
COROLLARY 5.2. Suppose that the objects considered are linearly orderable. 
Divide the objects into more than two groups and find the maximum object in 
each group. In the same manner, divide the objects which are the maximum obj*ect 
in each subgroup. Repeated application of the above procedure gives the maximum 
object of the whole. 
Proof. The proofs of Corollaries 5.1 and 5.2 are obvious from Theorem 5 
and are omitted. 
Lemma 8 states that when the object of which RC-function takes one is 
found, it is the maximum object, if the objects are linearly orderable. Theo- 
rem 5 implies that the maximum object can be obtained by repeatedly 
dividing a set of objects into two subsets, if the objects are linearly orderable. 
To deal with complicated decisions, it is more convenient to use such an 
abbreviation procedure. Furthermore, this procedure is extended by Corollary 
5.2, which states that the maximum objects can be obtained by subdividing 
decisions into two or more stages. 
6. FUZZY RELATION 
The fuzzy relation corresponds to the subjective measurement of the 
mutual relation between objects. Tamura [IO] has proposed the method 
, of classifying objects based on the fuzzy relation. Here, we shall consider 
the fuzzy relation in the case that a template exists. In this case, we shall call 
it a standardized fuzzy relation (or SF-relation). 
Now, let us show some properties of the SF-relation. 
409/43/3-'1 
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DEFINITION 9 (one-step SF-relation). A one-step SF-relation in X, 
Ri”(x, y) is defined as 
JWx, y) = min[f&: 4, f,(y: 41 
for x, y, z E X, where z is a template. 
(22) 
LEMMA 9. For x, y, z E X, the one-step SF-relation satisfies the two 
conditions : 
(i) R$‘(x, x) = 1, (23) 
(ii) @(x, y) = Pp’(y, x). (24) 
Proof. (i) From Eq. (22), we have 
RP(x, x) = f=(x: z) = 1. 
(ii) From Eq. (22), we have the result. Q.E.D. 
DEFINITION 10 (n-step and absolute SF-relations). For n + 1 objects 
xp 3 XP 3 x, E x (i = 1, 2,..., n - I), the n-step SF-relation R:)(x~, x,J is 
defined as 
j+n)(xp , x,) = Xl,,,.,X sup _,iX.min[Rt’(x. , XI),..,, @)(xn-r Y xall* n (25) 
The absolute SF-relation R&x, , x,) is defined as 
LEMMA 10. For x, E X (i = 1, 2 ,..., n), 
R,(xi , 4 = max[&(xi , s), minP,(xi ,4, R&j , dl 
Or 
Proof. See Tamura et al. [IO]. 
EXAMPLE 4. Suppose that for x, y, u, z E X, 
f*(x: z) = 0.9, fu(x: z) = 0.6, 
f*(y: x) = 0.8, fu(y: x) = 0.9, 
f&4: 27) = 0.5, f&: z) = 0.6. 
(27) 
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In this case, the absolute SF-relations become as follows: 
%(x9 Y) = 0.8, R,(y, 4 = 0.6 R,(x, u) = 0.6, 
which are illustrated in Fig. 1. 
(a) (b) (cl 
FIG. 1. (a) Pairwise functions, (b) one-step SF-relations and (c) absolute SF- 
relations. 
THEOREM 6. Let H be a fuzzy matrix whose elements are hij = R,(xi , xj) 
and @ be a fuzzy matrix such that C& = fzj(xi: 2). The matrix H can be repre- 
sented by 
H = $-I$@ @ @r)%. (28) 
Proof. Let A be a fuzzy matrix whose elements aij are one-step SF-rela- 
tions Rkl)(xi , xj). Since aij = min[& , &I, we have A = @ @ @r. We shall 
prove by induction that the matrix Bfn) whose elements biy) are n-step 
SF-relations Rr)(xi , xj) can be expressed as follows: 
B’“)=AoAo...oA=A”. (29) 
Suppose it is true for n = k, that is 
B(k) = A”, 
then we show that 
B’k+” = A” o A = B(k) a, A. 
From Definition 10, the (ij)th element of B(k), b$’ becomes 
b$’ = max[a,? , sup midaim , amlm, ,..-, am,Jl 
v=l....,k-1 
zz= max[cij , cif ,..., $1 (1) (2) 
where 
(30) 
(31) 
and 
cz!p z aij 
4:) = min[aiml , amlmz ,..., a,,-,jl for k > 2. 
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The (ij)th element of B (Ic) 0 A can be expressed by 
m;x min[@, uhj] = rnfx min[max[c$,..., $1, ahj] 
Thus, we have Eq. (30). 
= max[cj:),..., cii (k+l)] = ,y* 
Next, we shall show that Eq. (29) holds for n = 1 and 2, that is, 
B’l’ = A (32) 
B’s’ = A o A. (33) 
It is trivially true for 71 = 1 from the definition. As for n = 2, the (ij)th 
element of A 0 A becomes 
m;x min[u$, , ahi1 = max[uii , 5:~ min[uih , 41 
zzz max[c$, $1 = b$‘, 
which means that Eq. (33) holds. By Eqs. (30), (32) and (33) the result 
follows. That is, 
7. CONCLUDING REMARKS 
Human decision according to subjective measurements is usually capricious 
and ambiguous. To circumvent the difficulty in rank-ordering objects based 
on ambiguous subjective measurements, we have introduced a concept of the 
fuzzy set and defined new fuzzy functions: P-function, R-function, C-function 
and RC-function. Using these fuzzy functions, we have proposed some 
algorithms of rankordering objects based on the comparison method which 
is adopted for psychological test. 
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